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Introduction



Dynamical Systems
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Sequential Switching Circuits

(i~ 5], X[ — 4], x[i — 3], xli — 2, X[i ~ U, x[i) = Tofi - 3] i~ 2 Fofi 1) Tafi -5 Boli - 3] Tuli- 1

do(x[i - 5],x[i — 4],x[i - 3], x[i - 2], x[i - 1],x[i]) = Ty [i — 4] - Ta[i - B] - Ta[i — 4] - To[i = 3] - Ta[i - 2] - T [i - 1]



Mathematical Morphology

 studies operators between complete lattices,
what includes switching functions

e ]attice operators are decomposed 1n terms of
stmple morphological operators: erosion,
dilation, anti-erosion, anti-dilation

* Any lattice operator can be decomposed 1n a
canonical morphological representation



Lattice Dynamical Systems

e We introduce the notion of Finite Lattice
Dynamical System (FLDS)

e (Give arepresentation for FLDSs, based on
canonical morphological representations

e Develop a theory for statistical
1dentification of FLDSs,
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Boolean Lattice




Function Lattice

011222
011222
-1 112122
11111
20-1)-1(-1]-1

2

1

0
-1

-2

2 -1 01 2



Operator Representation



Intervals

e Jeta be Fun[W,L],a<biff alx) <b(x),xe W

W[ =2 b

e Interval [a,b] ={u e Fun[W,L]:a<u<b}




Binary Sup-generating

e Sup-generating operator: A4, (u) =1 uela,b]
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Kernel

Kernel of ¢ at y: K(y)(y) = {u € Fun[W,L]: y < y(u)}
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Basis

Basis of ¢ at y: B(y) 1s the set of maximal intervals contained 1n K(y)

K(y)(-2) K(y)(-1) K(y)(©0) K(y)(1) K(y)(2)

Ery

B(y)(-2) B(y)(-1) B(y)(0) B(y)(1) B(y)(2)




Canonical Representation

p(u)=Ulye M :UiA,, () :[a.ble Bw)(»)}=1]
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Dynamical Systems



Finite Lattice Dinamical System

x: T — L" y: T — L™ x[t] € L™
u:7 — L
x[t + 1] = ®u(x[t — N],....x[t],...,x[t+ N],u[t — N],...,uft],...,u[t + N])
yv(t] = Ui(x[t — N],...,x[t],....,x[t + N],ult — N],...,u[t],...,uft + N])

P, :EZ{EN-{—I)H — [

S((I)tj ‘Il‘t) ‘Irt : £2{2N+1)n_} Em



Representation

x;[t+ 1] = ¢y j(x[t — N|,...,x[t],...,x[t+ N],u[t — N],...,ut],...,u[t + N])

yilt] = dea(xlt = N), oo xt], ooy x[t + N, ut = N, uft], .., ult + N))

x;[t] € L
¢tj :£2(2N+1)n S L
T,bt,k :£2{2N+1}ﬂ S L

The component functions have canonical morphological
representations



System: iput-output

¥[t] = Six[a],... x[N].... x[2N]) (P2, ¥ ) ([t — N],...,u[t],...,ult + N])

Y = Sx[a],....x[N].....x[2N]) (Pt, ¥z ) (u)



Filter

u: 7 - L" y:T—= L™

T: £(2N+I)n L™

y[t] = T¢(u[t — N, ...,uft],...,u[t + NJ])

For example, processing of motion images.



Input-free systems

x[t + 1] = ®(x[t — N],...,x[t],...,x[t + N])

y[t] = W(x[t — N], ..., x[t],....x[t + N])



Causal systems

x[t + 1] = ®4(x[t — N|,...,x[t],u[t — N],...,u[t])

y[t] = Ui (x[t — N],...,x[t],u[t — N],...,uft])



Time translation invariant systems

$ :£2{2N—|—1)n - [n q"t — &

¥ L2ENFDn _y pm =W



Causal, time translation invariant

u[t]:"l/\. == uft - 1] =yt - 9] f—— - —hm—-a
¥ ¥ ¥ ¥
N [t +1]
[ $(x[t = N],... . x[t],u[t = N],...,uft]) J
]»[ Nf— —{-—x[:zr—“ { -1 { (e
™
[ El[x[!—N],...:x[t],u[t—N]:...,u[t]] J : ¥t
T A R— +




A model for system identification



Model

vector of
functions

each component
function has a
basis



System Error

Er(S(@,%)) = E[I(Sexp,.xv(@ E)(U[t = N],..., Ult — 1, U[£)),1[1]) |

L: L™ x L™ 5 R



Er(S(2, 1))

Stationary Conditions

P(x[t — N],...,x[t — 1],x[t],u[t — N],...,ult — 1],u[t],i[t]) = p

- E[I(S(x[ﬂ],___;[N]}(@,11!)(U[t — N,..., Ut — 1], U[#]),T[4]) ]
= Z I(S{x[f—N] ..... x[t]) ((I)?‘P)(u[t - N]vvu[t]):i[t]) X
(x[t—N],...,x[t],u[t-N],...,u[t].i[t] ) eL2(N+1)n x Lm

p(x[t — N],...,x[t],u[t — N],...,u[t],i[t])



Component Error

Ery[S(®,%)] = E[Jk (Sx(o1,...x(n) (@, ¥)(U[t — N, ..., Ut — 1], Ut])s, Ix[t] ) ]

I Lx Lo R



Additive LLoss Function

=Y exle ©k€ R

Er(S(®,¥)) =Y Eri[S(®, V)]
k=1

EMAE(E:- b) = E?:l | aj — by | EMAE = E:;l €CLMAE

a,b € {0,1}" ekmap(a,b) = |a—D



Independence Condition

e Under additive loss function optimize the
system error 1s equivalent to optimize the
system components error

e The problem of system identification 1s
reduced to a family of problems of lattice
operator design.



Identification of Boolean
Dynamical Systems



x1[t+ 1] =1 = «

f

%
% X

x;[t] =0 _/ "k_,/’
and
[ ((xg[t] =1lorxz[t—1]=1orx3[t—2]=1) and

(xs[t] = 1 or x4t — 1] = 1 or x4t — 2] = 1))

(xslt] = xs[t = 1] = xst — 2] = x5t — 3] = xs[t — 4] = 0 and

xa[t] = xalt — 1] = xa[t = 2] = xalt - 3] = xst — 4] =0 ) |



System simulation
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System 1dentification: system
eIror
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System 1dentification: transition
eITor
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Conclusion



Introduced the notion of Finite Lattice
Dynamical System

Proposed a model for FLDS identification

Under additive condition, system
1dentification reduces to a family of
problems of lattice operator design

A Boolean example was presented

This perspective unifies theories such as
switching theory and discrete automatic
control



