Design of Morphological
Operators by Learning
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= [ntroduction
= Binary operator design: \W-operators
= Binary operator design: constraint W-

operators
= Gray-scale operator design: apertures
= Gray-scale.operator designg stack filters
N@oenclusion
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= Any finite |attice operator can be
Implemented as a program of a MMach

= Finite lattices of practical importance are the

lattice of binary and gray-scale Images
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= [ibrary of hierarchical functions:
= - primitives: elementary operators and
operations;

= - high order operators: primitives . and high
order operators
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= Divide the problem in subproblems
= Each subproblem is solved by a toolbox
function

= |ntegrate the subproblems solution
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= Operator learning in a standard
representation

= Finding an equivalent and more efficient

representation
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Noise Image
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- Find an image operator that transforms the
image to the respective (or *““close to the ideal”)
image.




_ ~ Binary |I nage C operaors

) Binary image : fE— {U, 1}

) Binary images can be understood as sets :

&

1s a complete Boolean lattice

= |:> Binary image operators = set operators :

U :P(E) > PE)
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) An image operator is within iff
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Lid-operators

Translation invariance
+
local definition within

(2 :?,!J(

W-operators are characterized by Boolean functions.




Y = Ax11 UAixoU A11x
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~X and Y are jointly stationary

P(SNW,,Y)

- 1s the same for any z in E.
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___Error measure
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) Design goal is to find a function
with

) (expected loss) of a function :

X 1s a random set
Y 1s a binary random variable

m—

[:{0,1} x {0,1} > R™
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—) Example : MAE loss function

I pd, X) > p(0, X)

0 pd, X) =< p(0, X)
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[L1s Probably Approximately Correct

For examples
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Test images




Test images |




exuure exiraction

Training 1images




exiure exiraction
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Last Image
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2,68 %

2,01 % 1.82 %

Noise 1 image 2 images 3images 8imagess 13 images 25images 32 images
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- subtraction:
i distict patterns :
in 1.548.384

addition:

subtraction:
distinct patterns :
em 1.548.384

—

addition:
subtraction:

distinct patterns:
in 1.548.384




Error rate in function of window size
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Constraints

—)-Structural-Constraints

- impose maximum number of elements in the basis

- use alternative structural representations
(e.g., sequential)




) Algebraic constraints

- consider a class of operators satisfying a given
algebraic property (e.g., increasingness ,
idempotence, auto-dualism, etc)

- consider a constraint by a multi-resolution criteria

e

s

___- consider a constraint by an envelope of operators

R ——

- consider a constraint by a multi-resolution envelope

criteria
38
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Motivation : composition of operators over small
windows produces an operator over a larger window

=) VERVPICSY] is a |iidaYiidoperator
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increasing non-increasing
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Design of increasing W-operators

increasing

non-increasing

Nl increasing




# of Structuring Elements in Basis
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O varianle

4| X5 | X6 | X7 | X3

¥ N ¥ ¥

A Z, Z3 Z4 4 variables

¥ ¥

2 variables

2 variables: 22=4 4 variables: 29=16 8 variables: 28=256,




D, = P(W,)

z; = pi(Xi, ...

, Xi9) ,Z=Dp(X) , p=(P;, .- Po)

Let ¢:D;—{0,1} , it defines the operator ‘P¢ on D, by

¥, (%) = 0(p(x))
The operador ¥, is

to D,

p(x) =p(y)
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Properties

Operators over Dy

— SEg—. ;
. Operators over D, constrained by resolution on D,

Operators over D,
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,D, = P(W,)

)

= P(W
veD,,

D, = P(W,), D,

17

xeDy,zeD
2, = pi(X; > -

z=p(Xx) ,
B

o)

(pp

s XI,S]) b v

1,

> X;

P

V= WX s oo

w(x) ,

The equivalence classes defined by

p may be different by the ones

defined by w.




N(x)>0
Nx)=0,N(p(x))>0

if Nx)=0,..,N(p_,(x))=0,N(p_(x))>0
if Nx)=0,.,N(p_(x)=0,N(p (x))>0













image + noise




3x3 window

Pyramid

Restauration

Persisting noise
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Single operator —#— Pyramid operator
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~  (Constraints | Independent Constraint |

.
- .

“  Restriction of Let be A,Bc P(W) with AcB:
the operators space

hW(X)=1 VxeA & hW(X)=0VXE B,
K(Vop) € Q < P(P(W)) vy K(y) €Q

K(\I'fopt)

J—J

r

P(P(W))
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1 independent restriction then exista parof

.

(o,3) such that, for any ye ¥,

K(v) eQ & as gy <p

where K(a) = Aand K(B) =B

.

e All independent constraint is characterized by two operators o and

B

»The pair (o,f3) is called “Envelope™
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Definition

Desing of two heristic filters oo and B such that when we
know that o < ¥, < P, the restriction is defined by:

Q={y:a< y<p}

and any filter Y can be projected into the restriction by

: Wenv:(wva)/\lg
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Definition

Operators over
P(W)

Operators over P(W)
constrained by envelope
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Properties

¢ (W, v ) AP is optimal in Q.
oIf o0 < < then Error[ ] < Error[ ¥

olf o<y < B is not true, then

m Error|[ %HV’N] > Limy ., Error[ ¥4]
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Training mages




Ground Noisy Image Filtered

Image Noise Restoration Image Detected

Addition Detection

Direct Edge Detection

Edge Detected




Restoration Machine design
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> b) of the restoration

Veon = Wpae NP L @

O = Oy gp€pepOp€p aNd P =€ pepOpep € Oy
o and P are alternating sequential filters with
PlaS) <I<BO)]1=1

B is the 3x3 square

0 Machine design
of the restoration|]
of

B Human design of

eStOI'ation Of the ,2 the restoration
restoration

).28 % - .15 7o

Error (%)




oise Edge Detection

G pac designed by examples from noisy images

» b)
C=14-¢

B is the 3x3 square

> )

C ,ac designed by examples from restored images

-

[0 Machine design over
noisy images I

E Human design after
restoration

0 Machine design after ||
restoration

0.65 % 0.27 % 0.24 %

Error (%)




_ Nouse Edge Detectlon

Error = 0.65 % Error = 0.27 % Error = 0.24%
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~ Definition

¢ W, cW, ,p:D,— D, is aresolution mapping

¢ 0, B: D, > {0,1} with o0 <
¢ y:D,— {0.1}

1 fa(p(x) =1
y,x)=y 0 if f(p(x)=0
W(X) otherwhise

¢ V,=(yAP)va, ad’(x)=a(x)) and B’(x) = P(p(x))
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Teorema
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Eet y;...n = C Wiy A B) v o, be the projection of the resolution

constrained filter inside the envelope (o, 3’)

Von(x)  if N(x)>0
%,env,N (X) l.f N(X) — O,N(IOI(X)) > O
%nv—mres(x) = .

Vrewn(X) i NX)=0,...,N(p,,(x))=0,N(p,_,(x))>0
VpewnX) i NXx)=0,..,N(p,,(x))=0,N(p,(x))>0




I;roperties:

¢ VY. e 1S @ COnsistent estimator of

¢ If the envelope is well defined on D,, then the p-envelope of a
resolution constrained filter i1s advantageous




oL = Ex(Ye0rYr)
B —~ BB(q)EYEq)E)
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Gray-scale operator design:

aperture
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h U HOTNER T0T8)
fi(x) = f(x-1) \ \

TN V(L)1) =P, (1)(0)
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TN (1))
L]

(f+h) (x) = f(x)+h

f+h

(P+h)(H(x) =P (f)x)+h

T Ty,

¥ (f+h)(x) = ¥ (I)(x)+h










perture ' _perator .

H input

[ output
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a, b e Fun[W, L]l a= biii-a(x)

W[ =2 H
ﬂ

[a,b] ={ue Fun[W,L]: a < u<.b}
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Kernel.of w_at y:.

K(y)(-2) K(y)(-1) K(y)(0) Ky)(1) Ky)(2)

93
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& B(y) 1s the set of maximal intervals conté_linecl_in K(y)
Kw)(-2) Kw)(-1) K(y)(0) K(y)(1) K(y)(2)

B(y)(-2) B(y)(-1) B(y)(0) B(y)(1) B(y)(2)

T e
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K(y)(-2) K(y)(-1) K(y)(©) K(y)(1) K(y)(2)
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x Nurnber of Examples
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Bilinear




Original Aperture: 3x3x21x51

= (S

Bilinear




Gray-scale operator design:

stack filters




by a positive (i.e., increasing) Boolean function

y(f)=maxire K:y(T[f])=1;

where

TIf1={xeW:f(x)21] |
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rmpulse noise removal (2)

test image iteration 1
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ustness (1)

test image iteration 1




test image iteration 5
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De sign of Vierphological Operators:

= Fundamentals: Algebra, Statistics,
Combinatory

solution

DESIgn technigues adequqlg_ 10 INtroduce
~ Jrldrlnouylselejo

= |dentification of Lattice Dynamical Systems
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