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ABSTRACT: In this paper we introduce a unique methodology to detect any conic form by using
Hough transform which is an established method for shape detection. This technique works based
on features extraction for each conic separately and intend to unify all type of Hough detection in
only one. Once we have the conic’s parameters it is possible to build an accumulator array named
parameter space where the most voted set of parameters is the chosen form. To build this
accumulator, a range of values is set up and each value is a real parameter candidate. The length of
which cell depends on the accuracy desirable and the dimension depends on the type of conic. This
transform maps points from digital space to parameters space in order to match the point of the
chosen form to the form in the real image. In this way it is much easier to reconstruct the conic form
whenever it is necessary and to detect a form from artificial images or handmade drawing.
Although each form has one different equation and number of parameters, we realized it follows a
pattern and concluded that is possible to elaborate a generic equation and a methodology to detect
any conic. The use of polar coordinates makes the generic detection easier because of the rotations
variety detection. In addition, the order of search is important. We observed that the detection result
is better if the searching for the correct rotation is the first step. Another relevant thing is the chosen
length of bins in the accumulator which really defines a better match. This paper involves analysis
about each conic equation, their similarities, number of parameters and how they can be introduced
by a unique expression for Hough transform.
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1. INTRODUCTION

Detecting objects in an image is very useful in
many applications [13] [17]. The Hough
transform is one way of doing this. Its idea is
transform an image in a digital space (x,y) to
represent it in a space of parameters (p, B, x0,
y0, ...). One point of the edge images
produces an increasing of n cells of the
accumulator array, so all points in the same
curve are mapped in an intercession cell at the
parameter space. The biggest value will define
the aimed curve. This method was proposed by
Hough in [1] and since then many papers about
this issue has been written. Firstly, Duda and
Hart present an improvement of line detection
using polar form. Then Kimme et al. show an
approach of circles detection using gradient
information. In [4] is proved through circles
and parabolas detection it is possible outline a
generalized method. Ellipses detection was a
target of [7], [9], and [10] in different
approaches. Moreover, in 1981 Ballard was
pioneer in a development of generalized Hough
transform and the followings [4], [15], [16] and
[18] improve the generalized transform for
arbitrary set of points. However, in such
generalization the main objective is more
related to the pattern recognition than to shape
detection because no more an equation is
searched.

This paper extends the study of detection of
each form separately to a generic detection of
conic equations, so this algorithm is able to
detect all conic forms. Firstly, next section
shows what form can be represented by generic
second-order polynomials. It analyzes a set of
parameters with theirs ranges and discrete
intervals  respectfully, and finally the
accumulator array. In section 3, the new
integrated approach is presented. Section 4
demonstrates by examples the approach
efficiency on conic shapes detection and
definition. Then, some conclusions are
considered in last section.

2. CONIC FORMS
Conic curves are resulted from a plane and a

cone intersection (figure 1) [20]. If the plane is
perpendicular to the axis and passes in vertex
intersection results a line. If the perpendicular
plane does not pass in the vertex, intersection
results a circumference. If the cutting plane is
parallel to the generatrix of cone without
passing in the vertex it will obtain a parabola. If
the cutting plane is parallel to axis but it do not
pass in vertex it will define a hyperbole. If the
plane is not parallel to axis or cone generatrix
and it do not pass in the vertex, the obtained
curve by the intersection is an ellipse [11][19].
In order to develop a unified generic approach
for conic detection, in the following lines the
application of Hough transform for each
second-order curve is discussed.
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Figure 1: Conics.

2.1 Straight Lines

Although several papers have already shown

straight line detections, it is important to

mention that straight lines are also a conic form.

Lines in polar form are represented as:
p=xcosf+ ysind

This equation is the main point in computing
the accumulator matrix for straight line. It
describes a line having orientation 6 at distance
p from the origin, clockwise is considered. In
this work (x,y) are the coordinates of any form
searched. The range of parameters to be used is
given by:

— N+ N} < p<\N!+N;
—7/2<0<n/2

Applying the Hough transform to straight lines
means to have a 2-D accumulator array M(p,6).

2.2 Circles
The circumference is the locus of point of an



equidistant plane from a fixed point, called
center. The distance between the center and a
point on the circumference is called radius.
The implicit form of circles is:
(x_xo)2 +(y_J’0)2 =r’,

where x e ), are the Cartesian coordinates of
circle center and r is its radius.
Lines detection copes with a 2-D accumulator
array but in circles detection is necessary to
manipulate a 3-D accumulator because of the
needed parameters: xp3, ¥y e r. The
computational efficiency in this case becomes
worse than the line detection due to this
increase on the quantity of parameters. The
implicit form has some difficulties to define the
coordinates xy € yy by an expression containing
only independent variables, so it is better use
the polar form.

X, =x—pcosd

Yo =y —psing
where (p,6) are polar coordinates in a circle.
Circles do not have sensibility for rotation. On
the other hand the next curves do. Thus this
accumulator array has three dimensions M(xy,
Yo, p)-
As well as line detection, curves detection has
the necessity to define a range and discrete
interval of all parameters.
The coordinate xy should be defined between 0
and N; (maximum coordinate in the image x
axis). yo should have a range between 0 and N;
(maximum coordinate in the image y axis). The
programmer or user decides the range of the
radius because of its flexibility. It means the
range can have just a value or a set of different
values. The most voted will be the radius of
circle in the original image. For each point in
an image is considered a range of radius and for
each radius, a circle center is computed. Each
discovered center associated with a radius is
incremented by a unity in the accumulator

matrix.

2.3 Parabolas

Parabola is a plane curve (figure 2). It is the
locus of points in a plane, which are equidistant
from a fixed point called focus and from a fixed
line called diretrix. Its general equation is:

(v=2,) =4d(x-x,).
A parabola can be better parameterized through

the polar form:
2d
P= 1—cosﬂ’ﬁ¢0
Where d is the distance between focus (F) and
vertex (V), p is the distance from the focus to
each parabola point, and £ is the angle between
p and the horizontal axis. So (p,f) are the polar

coordinates of the parabola (figure 2).

Figure 2. Rotated parabola.

In addition to a generic translation (xgyr) and
rotation ®, considerate equations for this kind
of transformations are given by:

X =x,+pcosfcosw— psin fsin

y =y, +pcosfsinw+ psin ffcos ®

In this case is necessary to obtain a 4-D
accumulator array M (Xg, yr, d, ®).

The parameter space is discretized with focus
in the image domain. The parameter presents d
in a flexible range between a maximum and a
minimum value, depending on the programmer
or user. The rotation parameter ® varies



between 0 e 2z radians (excluding 27).

2.4 Ellipse
An ellipse is a closed plane curve generated by
a point moving in such a way that the sum of its
distances from two fixed points is a constant.
The Cartesian coordinates in an ellipse is
expressed as:
2

x—2 + y_2 =1

S t
when the focuses are on the x axis. A polar
representation of ellipse is:

2.2
5 st

~ s¥sin’r+ticos’t

where s is the biggest radius, t is the smallest
radius, p is the distance between center and an
edge point in the ellipse, and t represents the
angle between p and horizontal axis. (p,t) are
the polar coordinates. Figure 3 represents
graphically the polar form where the parameter
a is the rotation angle about the axes center.

(x4.¥1)

Figure 3. Rotated ellipse.

Each coordinate (x,y) on ellipse if it is rotated
of a and translated through (xo,yo), is described
by the following equation.

X =X, +scosrcosa +isinrsina

y =Y, +tsintcosa —scosTsina

Detecting ellipses without any adaptations is to
cope with a 5-D accumulator array M(xo, Yo, S,
t, ).

However, fixing any parameter value it is
possible to reduce the high computation level.

In view of N; x N; be the image dimension, the
biggest axis 2s can be in the range:

2<2s <IN} + N7,

the smallest axis 2t is in the range:

1<2t <\ IN7 +N? -1,

and the rotation angle o e (0,27].

2.5 Hyperbole

Hyperbole is a locus of points where the
difference of focus is 2m, where m 1is the
biggest radius (figure 4). A hyperbole is

expressed as:
2 2

X y_l

T2 2 T
m- n

where the biggest radius is on the image x axis.
A polar representation of hyperbole is:
2 m’n®

~ m’sin’ o —n’cos’ o

The half biggest axis is m and # is the half of
smallest axis in hyperbole, p is the distance
between centre and an edge point in the
hyperbole, and J represents the angle between p
and m axis. (p, o) are the polar coordinates.
Figure 4 represents graphically the parameter o
that is the rotation angle of the hyperbole m
axis.

The followings equations compute all points
(x,y) in hyperbole by using the o rotation and
the center translation (xy,)y) if it is necessary.

X =X, +mcosdcosc —nsindsino

y' =), +nsinod cosc +mcososinoc
y7

Figure 4. Hyperbole



Similar to ellipses, this curve presents an
application of Hough transform, where a 5-D
accumulator array M(Xo, yo, m, n, o) 1is
necessary. Unless some modification on the
formulation are introduced by fixing one of the
parameters.

The hyperbole parameters are limited by:

2<2m< N2+ N2,
1<2n< N} +N: -1,

o€ (0,272].

3. GENERIC DETECTION METHOD

The developed integrated formulation approach
is presented in this section. The bases of the
formulation are: the use of polar coordinates
on the description of all curve equations and
parameters; the order of search for these
parameters; and its respective level of
approximation and range. The description of
each curve in polar form was presented in the
previous section. It was observed that the
search sequence is fundamental on the
successes of the unified formulation. Its better
start the search for the polar coordinates (polar
radius, polar angle) of each image pixel, given
value intervals of angle, through the Hough
methodology, which involves the election of
the most parameter voted, the polar radius is
chosen. Other simple but relevant consideration
is that more important than the number of
parameters is the definition of its range in
limits and also in number of bins. The accuracy
in a conic detection depends on the chosen size
of cell, it means, the smaller size of cell is, the
more accuracy and slower it is.

Considering the common aspects of all conics,
it is possible to establish a unified Hough
transform approach. The parameters of a curve
are represented as a set P= (pi, p2, p3,...). Then,
each element of P should have a value in the
adequate range as L= (1, 1, 15,...) and U=(uy, uy,
u3,...), where L is the lower limit and U is the
upper limit according to the image domain.

The accumulator matrix has a dimension given

by:
B length(P)+1 if the conic has rotation

- {length(P)

For each element in P, its polar equation is
computed. If there is center or focus, these are
calculated as following:

X, =x—pcos fcosw+ psin fsinw,

otherwise

Yy =Y —pcosfsinw— psin fcosw,

where p is the polar form of curve point , (X,y)
is an image point, B is the inclination between
the curve center or focus and a curve edge
point, and ® is the curve rotation angle.
Afterwards, the cell that corresponds to the
wanted parameters is incremented by 1, but the
accumulation array has to respect the limits L
and U. This algorithm allows detecting conics
shapes also in very noisy images. It is also
possible to detect approximated conic forms
like handwriting drawing. When all parameters
of curve are detected its easier compute their
geometric features like inclinations, curvatures,
focuses, centers and others, which can be
useful in pattern recognition or shape analysis
[17].

3.1. Final point identification

Only circles and ellipses are closed curves.
Considering the other conic forms, it is not
possible to define the final points through only
the space of parameters. So it is necessary to
create a limit point identification mechanism.
In this work is proposed as a mechanism a
simple comparison between the pixels in the
original image and in the detected image to
elect the final point. However, if such pixels do
not match, the Euclidian distance with a
tolerance will be used. In case of lacking points
along the curve this distance is also considered.
Moreover, if the matching does not occur, the
final point will be the last pixel matched
successfully with the original image. When a
conic form is closed, both initial and final
points receive as default the value zero.
Furthermore, arcs of circles or ellipses can be
determined by the same mechanism as shown



in next section.

Other resource that is possible with final point
identification is detecting more than one conic
at the same image. The basic idea about that is
detecting a conic, then this form is erased and
then the next conic could be detected at the
same image [12].

4. EXPERIMENTAL RESULTS

In this section, the efficiency of the generic
detection of all conic forms is demonstrated. It
also illustrated the algorithm possibility on
detection of coarse curves. An AMD Athlon
2000xp 1.6 GHz, 256Mb of memory RAM
computer was the machine used in the
experiments. All images are gray scale. The
average of images size is between 100x100 and
300x300 pixels. All the results are presented in
pixels except the angle which are in degrees.

In the first test, detection of lines is considered.
Figure 5 shows the original image with four
straight lines that constitutes a rectangle. Figure
6 presents the four detected straight lines where
the blue points are the initial and final detected
points (the vertex of the form). Table 1 shows
the parameters of the detected straight lines.

Figure 5. Rectangle

Figure 6. Detected rectangle

Table 1. Extracted features

¢ | p | Final Point | Initial point
0 | 26 (26,40) (26,154)
0 | 116 | (116,40) (116,154)
90 | 40 (26,40) (116,40)
90 | 154 | (26,154) (116,154)

The next test presents the possibility of
detection conic forms in failed or lacking
images (figure 9). Although there are fails on
the original image, the figure 10 shows a
complete detected circle. This test detected a
radius circle with 69 pixels and center (95,102).
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Figure 10. Detected circle.

Figures 11 and 12 show the detection of circle
arcs, and their parameters are: center (95,101),
radius= 68 pixels, final point (62,18), and
initial point (22,69).



parameters are: center (64,62), s=86, =48 and

0=138°.
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Figure 15. Original rotated ellipse
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Figure 16. Detected ellipse
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Figure 11. Circle arc.

~

Figure 12. Circle arc detected.
The tests include ellipses with fails (figure 17).
Figures 13 and 14 show the fifth test,  The idea is found the complete form in the
parabola detection, and their parameters are; ~ image (figure 18). The founded parameters are:
focus coordinates: (67,62), d= 7 pixels, o= center (70,94), s=124, (=60 and a=0"
223°, final point: (62,18) and the initial point:
(22,69). -
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Figure 17. Original failed

-

Figure 13. Original image of rotated parabola.
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Figure 18. Complete detected ellipse
Fieure 14. Detected parabola Forms drawn by hand can be detected at the
same way of the others, which shows the
The test with ellipses also happened  possibility on detection of approximate shapes.
successfully. The tests in ﬁgures 15 and 16 Figures 19 and 20 show the process. The
show one of the tests done, and the detected
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extracted parameters are: center (67,55), s=46
pixels, =26 pixels, and a= 50°.

Figure 19. Handwritten form.

Figure 20. Handwritten detected form.

The last test (figure 21,22) shows more than
one form conic detection to the same image. At
the following set of images, it is possible see
each step of detection. First, circle arc with the
smallest radius is detected, after that, the circle
arcs with the biggest radius, the superior line,
and finally the inferior line is detected. Table 3
presents all features founded. The set of noise
pixels in the end of process it is not significant,
but if it is necessary or be considered relevant
the detection process can be continued.

Figure 21. 1°. and 2 °. steps to detect a
complex form.

Figure 22. 3°. and 4 °. steps to detect a
complex form.

Table 3: Parameters founded in arcs and lines

X0 Vo Je) Initial Final
g point point
Lé 109 32 51 (74,70) (144,69)
Y109 | 46 140 | (5,140) | (216,136)

o ) - Initial Final
é point point
3 45 102 - (5,141) (73,71)

135 53 - (145,70) | (215,140)
5.CONCLUSIONS

In this paper, an approach for the generic
detection of conic forms based on the Hough
transform is presented. Several tests illustrated
the efficiency on detection of any conic form or
any combination of conic shapes. The conic
form can be corrected detected in any quantity
on the image; with any rotation; for closed or
opened curves; with fails or noise; for circle or
ellipses arcs; by handwriting, or in a coarse
manner when the form is drawn. Finally when
several different kind of conics appear in the
same image [12]. The features that define the
curve equation can also be computed.

Although the generic algorithm works, in some
cases it presents a high computation time due to
the large accumulator arrays, so in order to go




down this computation it is recommended do
an association with a optimization technique
like in [6] and [19], which proposed to
implement Hough transform using an
adaptative accumulator array or [8] and [14],
whereby a set of n pixels is randomly selected
from the edge image.

The union of all conic detection on the same
approach it is a new issue. It also detects any
kind of conic when these are at the same image.
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